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1. INTRODUCTION 
The existence of a projective plane of order 10 remains in doubt. If one 
does exist it may have only the identity collineation. D. R. Hughes [I, 2] 
showed that for a plane of order n where y1 = 2 (mod 4) and IZ > 2 the 
collineation group is of odd order. He also showed that for a plane of order IO 
the only primes dividing the order of the collineation group could be 3, 5, or 
11, that for order 3 there would be 3 or 9 fixed points (also lines) and for 5 
exactly one fixed point and one fixed line. 
Whitesides [9] has eliminated the possibility of a collineation of order 
Il. She has also [lo] eliminated orders 9,25, and 15, so that the only remaining 
possible orders are 1, 3, or 5. The main result of this paper is to eliminate 
the order 5. 
MAIN THEOREM. There does not exist a projective plane of order 10 which 
has a collineation of order 5. 
The proof uses coding theory to establish the existence of a 20 point set of 
a special kind which is fixed by the collineation. Up to isomorphism all such 
configurations are listed. There are a total of 92 to be examined. A computer 
program then investigated the possible ways of completing each of these 
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configurations to a full plane. In every case conflicts were reached and we 
conclude that no plane of order 10 with a collineation of order 5 exists. 
Section 2 gives the needed information from general coding theory. 
Section 3 deals with the binary code for the plane of order 10 and the way in 
which a collineation of order 5 leads to a self dual binary code of length 24. 
Section 4 determines the particular binary code of length 24 which is relevant. 
In Section 5 the 92 starts are listed and illustrations of the procedures carried 
out by the machine are given. 
2. NOTATION AND RESULTS FROM CODING THEORY 
For a general survey of coding theory the reader is referred to one of the 
books by van Lint [8] or McEliece [5] or MacWilliams and Sloane [4]. 
Here we consider a binary linear code C. C is a vector subspace of F”, 
where F = Fz = GF(2) is the field with two elements and I;” is the space of 
vectors with y1 coordinates over F. For a vector u of F@ its weight W(U) = / u 1 
is defined as the number of l’s in its IZ coordinates. C is an [n, k, d] code if it 
has length IZ (i.e. is a subspace off;“) has dimension k and has minimum 
distance d, this being the non-zero minimum’ of W(U) for v in C. The inner 
product of vectors u = (ur ,..., u,) and v = (ur ,..., v,) is (u, v) = urvr + 
u.& + ..* -1 u,v, . Given a code C its dual CL consists of all vectors u such 
that (u, v) = 0 for every v of C. It is known that dim C + dim CL = n. 
A code is self-orthogonal if C _C CL and is self dual if C = Cl. If the basis 
vectors of a self-orthogonal code have weights which are multiples of 4, then 
every vector in the code will have weight a multiple of 4. 
The weight distribution of C consists of the numbers a,, ,..., a, where ai is 
the number of code words (i.e. vectors of C) of weight i. The weight enu- 
merator of C is the polynomial 
W,(x, y) = a,x” + alx”-ly + azxR-2y2 + e-1 + a,yn. 
There is a remarkable identity due to F. J. MacWilliams [see any of these 
books] relating the weight enumerators of C of dimension k and of C’- . 
(MacWilliams Identity) 
~“~y&, v>) = q 6 + Y, x - VI. 
3. THE CODE FOR A PLANE OF ORDER 10 AND ITS CONTRACTION 
A projective plane 7~ of order 10 has 111 points and 111 lines, each point 
being on 11 lines and each line containing 11 points. Any two points lie on a 
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unique line and any two lines intersect in a unique point. We may define an 
incidence matrix A of z- by the rule 
A = biil, i, j = l,..., 111 
1 
aij = 
if line Li contains point Pj , (3.1) 
0 otherwise. 
Here a row of A corresponds to a line of rr and will have eleven l’s and 
one hundred 0’s. We shall consider the rows of A as vectors over F in Fl1 
and define C, the vector space spanned by these rows, as the code of 7~. 
From the MacWilliams, Sloane, Thompson paper [3] it is known that 
dim C = 56 that for v E C, w(u) = 0, 3 (mod 4) and that CL of dimension 5.5 
is the subspace of C consisting of the vectors of even weight. 
The l’s of a code word of weight r correspond to r points of a configuration 
K, . Every line of rr contains an odd number of points of K, if r is odd, and 
an even number if r is even. From this fact it easily follows that there are no 
code words of weights 1 through 10 and that if w(u) = 1 I then v is a line and 
is one of the 1 I1 rows of A. This gives for the weight distribution 
a0 - - I, 011 - - ... = alo = 0, “11 = 111. (3.21 
The vector e = (I,..., 1) is the sum of the lines through the first point (or 
indeed through an arbitrary point). Given v E C, then e + v E C so that given 
a vector D of C its complement ii = e + v is also in C. In consequence 
%1--m = %L * (3.3) 
Since also ai, = 0 if m = 1, 2 (mod 4) it follows that the weight distribution 
is fully known once 01~~~ s = O,..., 27 are known. Using the fact that Ci 
consists of the vectors of even weight in C, and the MacWilIiams Identity ,it 
has been shown by N. Patterson that the weight distribution of C is completely 
determined once 01~~ , 01~~ , and 01~~ are known. In the paper cited above [3] 
it is shown that there are no code words of weight 1.5, or that al5 = 0. A 
word of weight 12 is a K& , or an oval, consisting of 12 points no three on a 
line. Every line intersects an oval in 0 or 2 points. A word of weight 16 
corresponds to a configuration J& in which there are eight “heavy” lines 
L 1 ,*.., L, each containing 4 of the 16 points and each of these points on 
precisely two of the Li . 
We shall assume from here on that rr has a collineation g of order 5. 
It has been shown by D. R. Hughes [2] that in this case 7r has exactly one 
point P and exactly one line L fixed by (s, and P lies on L. 
Let us adjoin a further point X = PII to the 111 points of %r and form an 
extended code e of length 112 by making the 112th coordinate 1 for every 
line, so tbat in e every line has 12 points including X, and e is the subspace 
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ofP12 spanned by the lines of 7~. Here X is used as a “parity check” in C with 
1 in position X for every word of C of odd length and 0 for every word of C 
of even length. Every word in c has weight a multiple of 4 and C is self dual, 
as the word el = (1 ... 1) of length 112 is in c and annihilates every word of 
c. 
Here (T acts on the 112 points of C by moving the points of n in 22 cycles Cj 
of length 5, fixing P and X. From e we form a contracted code D with 24 
coordinates dI ,..., d,, , dz3 , dz4 where di , i = l,..., 22 correspond to the 22 
5-cycles of 0 in n, dz3 = P, dz4 = X. If v is a codeword of c, we define 
d(v) = v + vu + vc? + vo3 + vo4. (3.4) 
Note that d(v)a = d(v) and that if ZXJ = v, then d(v) = a, so that d(v) consists 
of precisely the words of C fixed by U. D is the code of the d(v). In particular 
d(v) = b,d, + b’, + . . - + b&z + bsds + h&e (3.5) 
where di is the sum of the points of C in the ith orbit of u and bi E F. 
THEOREM 3.1. D is a self dual code of length 24 with all weights multiples 
of 4 and minimum distance 4. 
Proof. As elements of c d1 ,..., d,, have weight 5 and ds3 , dz4 have weight 
1, and these are disjoint. Hence over F 
(4 , 4) = &i > i, j = l,..., 24 (3.6) 
where & is the Kronecker 6 function. Also in C w(dJ = 1 or 5 and w(dJ = 1 
(mod 4). It now follows that w,(d(v)) = wc(d(v)) mod 4 and as every code- 
word of C has weight a mutliple of 4, also that every codeword of D has 
weight a multiple of 4. From its definition D is a linear code of length 24 
and as all weights are multiples of 4, D is self-orthogonal. The line L fixed 
by 0 contains the point P fixed by u, two five orbits of u and in c the further 
fixed point X. Hence L has weight 4 in D and so D has minimum distance 4. 
It remains to be shown that D is self dual. We appeal to a general theorem. 
THEOREM 3.2. Let V be aJinite vector space over afield F and U = U- 
a self dual subs-pace. Suppose that U is a G module, G ajinite orthogonal group 
acting on V and that / G 1 has an inverse in F. Then V/U ci U* the dual module, 
and if C,(G) = V, the subspace centralized by G, then 
dim v, = dim C,,(G) + dim C,(G) = 2 dim C,(G). 
Proof. If V is a vector space of dimension n over a field F, then the dual 
vector space V* consists of the linear space of functions from V to F. If 
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g, , g, ,..., g, are a basis of I’, let J1 ,8;; ,..., & be a basis of V* where & is the 
function on V which is 1 at g, and 0 at gj , j f i. The group G is finite and 
acts on V. If u = alg, + .*. + amgn and v = big1 + **m + b,g, , ai, bi EF 
are vectors of V then the inner product (u, v) is defined by 
(u, v) = a,b, + a,b, + ... + anbn (3.7) 
and orthogonality of G means that for g E G 
if $J E V* we define the action of g E G on 4 by the rule giving #g 
(v)(vk> = ww. (3.9) 
It is straightforward to verify #(g,g,) = ($gJ g, and that if g E Y has the 
matrix A acting on g, ,..., g, then g has the matrix (4-l)’ acting on the basis 
il ,..., 2% of V*. The orthogonality of G is equivalent to AAT = I here. 
For a subspace U of V we define its orthogonal dual lP by 
UJ- = (v j (u, v) = 0, vu E u>. (3.10) 
We note that if 0 C U C WC V are G invariant then 0 C W1 C iY- are G 
invariant. The orthogonal dual U’- and U* = dual U are &sely related. 
LEMMA. If V is a vector space and U 5;‘ W subspaces oJ V then there is an 
isomorphism W/U N dual UL/ WA. If G is an orthogonal group acting on V 
and U, Ware G invariant, this isomorphism is G invariant. 
Proof. We define a mapping 8 from W/U into dual UT/ WT. Let w  + U 
be a coset in W/U. 
0: w + U -+ zJw on Ui/WL (3.11) 
(u + m/-L> $L = (24, w). (3.12) 
Note here that u E UL, w E W, so that for any element u + w1 of u f W-L 
we have (U + w1 , w) = (u, w) since wl E m/i, Thus % is a homomorphism of 
W/U into dual (U-1 WL). What is the kernel of this homomorphism? This 
consists of w’s such that (a, w) = 0 for all u E U’-. Since (UL)I = U this 
means that w  E U and then w  + U = U is the zero element of W/U. IIence % 
is an isomorphism of WJU into dual ULJ WA. Since dim U -/- dim U-’ = 
dim V and duals have the same dimension it follows that (3.11) and (3.12) 
define the isomorphism 
9: W/U N dual(UJ-/W-L). (3.14) 
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We must also check that 9 is G invariant. For g E G, (w + U)g = wg + U 
and (wg)8 = &, where 
But the action of g on Z/J~ in UL/WL is 
((u + wi> yw g = (ug-” + w-L> #w = @g-l, w), (3.16) 
From the orthogonality of G we have (u, wg) = (ug-I, wgg-l) = (ug-l, w) 
so that (#w)g = #,, and the mapping 0 is G invariant. 
Let V,, = C,(V) so that z, E V,, if and only if vg = u for every g E G. Since 
G acts on V, so also the group ring of G over F acts on V. Define S = CSEG g. 
Then vSg = US for every g E: G, so that for any v, US E V, . Conversely if 
v E V, , then US = j G 1 v. As we assumed that 1 G / has an inverse in F, for 
any v we have v = v&‘/l G 1 + (v - US/~ G I) = vl + v2 where v, E V, and 
v,s = 0. 
V is the union of the cosets xi + U of U in V, and these are the elements of 
V/U.Ifv=~~+u,u~UthenvS=x~S+uS=x,+~andbothx~andti 
belong to V. . In particular if a coset xj + U is. in C,,,(G) we may without 
loss assume that its representative xj is in VO = C,(G). Hence the elements 
of V, have unique representations of the form xi + U where xj + U is in 
C&&G) and 5 is in C,(G). Thus 
dim V, = dim C,,,(G) + dim C,(G). (3.16) 
By our lemma since VL = 0 and UT = U by hypothesis 
dim C,,JG) = dim C,U,,,(G) = dim C,,(G) = dim C,(G). (3.17) 
The last of these equalities uses the fact that for any g in G if its matrix over V 
on gl ,..., g, is A then on& ,..., jn over V* its matrix is (A-l)T = A since G is 
orthogonal and AAT = 1: As the matrices are the same, dim C,,(G) = 
dim C,(G). This gives 
dim V, = 2 dim C,(G). (3.18) 
This completes the proof of all parts of Theorem 3.2. In turn as an appli- 
cation with G the cyclic group of order 5, as a permutation group on 112 
coordinates, and so certainly orthogonal has V, = C,(G) the 24 dimensional 
space with basis dl ,..., d,, , dz3, dz4. U = C is the extended code of the plane 
of order 10 and H) = C,(G). We conclude that 2 dim h) = dim V,, = 24 
so that being self-orthogonal LJ is also self dual with D = DL. These are the 
assertions of Theorem 3.1. 
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4. DETERMINATION OF THE CONTRACTED CODE AKD THE IMPLIGATIONS FOR 
THE PLANE OF ORDER 10 
The contracted code D is a self dual binary code of dimension 12 and 
length 24. All the self dual binary codes of length 24 have been determined 
by Pless and Sloane [6]. We shall be able to determine precisely which of 
these 6) is. 
The unique line L, of 7~ fixed by 0 contains the unique fixed point PO and 
two 5 orbits. In the basis dI ,..., dsh for the space V0 containing D let us 
number so that dzl and d22 are the two 5 orbits on L, and P, = dz3, X = dz4. 
Then d21d22d23dzk is a word of weight 4 in D, coming from L, , X in C, this 
being a word of weight 12 in %. What can a further word W of weight 4 in D 
be? In C, W can be (i) of weight 12 containing P,, , X and two 5 orbits, (ii) of 
weight 16 containing one of PO , X and three 5 orbits of (iii) of weight 20 
containing four 5 orbits. First we observe that (i) and (ii) are impossible and 
that only (iii) can arise. If (i) holds W is di , dj , P, , X in c?. Then d,d,P is a 
word of weight 11 in C and so a line. But then di ,, dfP, is a line of VT fixed by CT 
and so the unique fixed line L, = d,, , d,,P, and so W is the word d,,dz,,d,,dz, 
already known and not a further word of weight 4 in D. In case (ii) if W = di , 
dj , dk , X of weight 16 in C, then di , dj , dk is of weight 15 in C which is 
impossible as aI5 = 0.1fW=di,dj,d,,P,thenWisawordofweight16 
in 67. Such a word belongs to a configuration in which there are exactly 8 
“heavy” lines containing 4 of the 16 points of W. But as the configuration is 
fixed by CI this would require that at least 3 of these lines be fixed by CT, 
contrary to the fact that 0 fixes only one line. Hence case (ii) does not arise. 
Every further word W of weight 4 in D consists of four 5 cycles and is a word 
of weight 20 in C. 
As was remarked earlier the weight distribution for C, as determined by 
N. Patterson, expresses all 01~ in terms of al2 and 01~~ . In particular he gives 
a2,, = 386,010 + 354a,, + 501,~. (4.0 
An oval of 12 points cannot be fixed by (r since it would have to have at least 
2 fixed points, and, as remarked above, a 16 point configuration cannot be 
fixed by u. Hence 01~~ = 0 (mod 5) and aI6 E 0 (mod 5). We conclude that 
olzD = 0 (mod 5) and in turn that N,, , the number of 20’s fixed by 0 is a 
multiple of 5, Iv,, E 0 (mod 5). In D the number of words of weight 4 is 
A4 = 1 -/- iV2*. Hence A, = 1 (mod 5). 
We quote from the article by Sloane [7, p. 1211. 
THEOREM 4.1 (Gleason). Let C be a binary self-dual code in which every 
codeword has weight divisible by 4. Then the weight enumerator W&x, y) of C 
is a polynomial in ‘ps = x8 + 14x4y4 + ys and q,, = x24 + 759x16y8 + 
2576~~~~~~ + 759xsy16 + y24. 
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Here vZ4 is the weight enumerator of the Golay code. y8 is the weight 








For a C of length 24 if C is decomposable then either C = E8 @ E, @ E, or 
C = E, @ E16. In either event the weight enumerator is y8 and as yS3 = 
xz4 + 42x20y4 + a.+ + the code has 42 words of weight 4, contrary to the 
fact that A, = 1 (mod 5) for our code C. Hence our code C is indecomposable 
and is one of the seven listed in the Pless-Sloane paper [6]. Two of these have 
A4 = 1 (mod 5) namely E24 and F24 . 
A basis for Ez4 is given by the rows of the following 12 by 24 matrix where 
blanks are zeros 
~924: 
1 1 1 1 
1 1 1 1 
. . . . . 1 1 1 1 
. . . , 1 1 1 





In E24 we have A, = 66 and the 4’s are generated by the first 11 rows of the 
matrix above. We see in (4.3) that the 24 coordinates are divided into 12 sets 
of 2 and that any two of these sets combine to make a 4. But with our 
4 d,, , d,, , PO = d23 , X = dz4 we have observed that any further 4 involves 4 
5 orbits of C. But in E24 this would force a further 4 of the form di , dj , d,, , d,, 
and so also di, di , PO, X which we have observed is impossible, since in 
YT di , dj , PO would be a further line fixed by u. The only remaining code with 
A4 sz 1 (mod 5) is in their notation FZ4 and has A, = 6. The rows of the 
following 12 by 24 matrix are a basis for F24 
F24: 
1 1 1 1 
1 1 1 1 
1 1 1 1 
1 1 1 1 
1 1 1 1 
1 11 
1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 
1 1 1 1 1 1 1 1 
1 
(4.4) 
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Without loss of generality we may assume that the last 4 coordinates are 
dS1 , a,, , & = P, , & = X as in our former usage. The weight enumerator 
of Fsd is 
x24 + 6x20~~ + 7359~~ + 2612~~~~~~ + 735x8y12 + 6x3~~~ + yz4. (4.5) 
From (4.4) we see that the 6 4’s in D are disjoint so that in z apart from L, 
being fixed by (IT the 100 points not on L, are in 5 disjoint K20)s each with 20 
points and each fixed by u, where each K,, is a codeword of 6. 
Let us investigate the K2,,‘s fixed by cr. As a codeword of C, every line of rr 
meets K, in an even number of points. Let a line M meet Kzo in m points. 
Then M contains 11 - m points not in K,, and wt(K,, + M) = 20 - m + 
(11 - in) = 31 - 2m. Here m = 0, 2, 4, 6, 8, 10. If r~ = 10 then 
wt(K,, + M) = 11 and so is a line M’. Conversely with any two distinct 
lines, M, M’, wt(A4 $ M’) = 20. As (r is of order 5, if o fixes M + M’, then 
(T fixes both M + M’ contrary to the fact that l;r fixes exactly one line. If 
m = 8 then wt(K,, + M) = 15 which is impossible since 01~~ = 0. Hence 
we need only consider m = 0, 2,4, or 6. Let there be B, , m = 0, 2, 4, 6 lines 
meeting K,, in m points. Then we have 
B,+B,+B,+B,= 111 
2B, + 4B4 + 6B, = 220 C4*61 
B, -I- 6B, + 15B, = 190. 
The first of these counts the total of 111 lines in 7~. The second counts the 
incidences of the 20 points on lines, each lying on 11 lines. The third counts 
the (“,“) = 190 pairs of the 20 points where a line B, contains (7) of these 
pairs. We may solve for B,, , B, , B, in terms of B, , obtaining 
B, = 21 - B, 
B, = 70 + 3B, (4.7) 
B4 = 20 - 3B,. 
Let (x, , x, , 3c3 , x4 , x5) be the action of CT on an orbit of points of V. If a 
line M contains three of these points it is easily checked that for some 
j = 1,2, 3,4, Muj and M have two points in common so that M = M& 
and so M = MO is the fixed line Lo and contains all 5 points of the orbit 
which is one of the two orbits d,, or ds2 on L0 . A line different from L, 
through the fixed point P,, cannot contain two points of any orbit since 
otherwise it would be a fixed line. 
Two points in a cycle of c diger by 1 or 2 in their position. Let M be a line 
not through P, and suppose M contains two points from the cycle 
582++-4 
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(Xl, x2 3 x3 3 x4, x ) 5 and also from the cycle (yI , y2 , y3, y, , y5). Then the 
points differ by 1 in one cycle and by 2 in the other since if A4 = x,x2yIyz 
then MO = x,x, y2 y3 = M, and if M = x,x, y1 y3 then Mu2 = x3x5 y, y5 = 
M and these imply that M is fixed. We can however have A4 = xIx2yIys 
or M = x,x,y, y, . As a consequence we cannot have three cycles of u such 
that a line M has two points from each since for two of these three the 
difference would be the same. 
LEMMA 4.1. For each line M of 7~ not through the$xedpoint P, there are 
exactly two cycles of u on the 100 points not on L, such that A4 contains two 
points difering by 1 from one cycle and two points d@ering by 2 from the other 
cycle. 
Proof. Let a line M not through PO contain n(M) pairs of points from 
orbits of the 100 points not on Lo . We have observed that n(M) < 2. As 
there are 100 such lines CM n(M) < 200. On the other hand each of 20 orbits 
contains 10 pairs of distinct points no pair on a line through P and we have 
CM n(M) = 200. Hence for every M, n(M) = 2 and we have already 
observed that in one cycle the pair will differ by 1 and in the other by 2. 
Suppose that a K,, is such that a line M contains 6 of its points. M cannot 
be the fixed line L, since K2,, is disjoint from L, . Thus A4 is one of 5 lines 
counted in B, in equations (4.7). Since B, is an integer <20/3 and a multiple 
of 5 we have B, = 5 
B,, = 16, B, = 85, B4 = 5, B6 = 5. (4.8) 
Let the points of the K,, be represented by the numbers l,..., 20 and let the 
action of CJ be 
u = (1, 2, 3, 4, 5)(6, 7, 8, 9, lO)(ll, 12, 13, 14, 15)(16, 17, 18, 19, 20). (4.9) 
With 6 points from these 4 cycles M must have two from each of two 
cycles and one from each of the others. Hence without loss we may take the 
following lines 
1, 2, 6, 8, 11, 16 
2, 3, 7, 9, 12, 17 
3, 4, 8, 10, 13, 18 (4.10) 
4, 5, 9, 6, 14, 19 
5, 1, 10, 7, 15, 20. 
Now consider the pencil of 11 lines through the point 1. Each contains 1 
and an odd number of the points 2,..., 20. In (4.10) there are two lines through 
1 each with 5 of the remaining 19 points. Thus each of the remaining 9 lines 
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through 1 contains exactly one further point of the 19. Thus 1 is on two 6 point 
lines and 9 two point lines of the K,, . The same applies to the rest of the 
cycle (1, 2,3,4, 5) and a similar argument applies to the points of the cycle 
(6,7, 8,9, IO). From (4.8) we also have B4 = 5. As none of the points I ,..., 10 
is on a line with exactly 4 of the 20 points these lines must have the 4 points 
chosen from (11, 12, 13, 14, 15) and (16, 17, 18, 19,20). There will be a pair 
with a difference of 1 from one of these orbits, which we may take to be the 
X 1 orbit (the 11 and 16 orbits are indistinguishable in (4.10)) and 2 from the 
other. Thus we shall have a line 11, 12, X, y with x, y from the 16 orbit. From 
(4.10) we cannot have x or y equal to 16 or 17. Choosing x and y from 18,19, 
20 and at interval 2 they must be 18 and 20. This gives our first start: 
Six Point Start 
L,: 1, 2, 6, 8, 11, 16 L,: II, 12, 18, 20 
L,: 2, 3, 7, 9, 12, 17 L,: 12, 13, 19, 16 
L,: 3, 4, 8, 10, 13, 18 L,: 13, 14, 20, 17 (4.11) 
L,: 4, 5, 9, 6, 14, 19 L,: 14, 15, 16, 18 
L,: 5, 1, 10, 7, 15, 20 L,,: 15, 11, 17, 19 
With this start there are 85 lines containing 2 of the 20 points and i6 with 
none. In the next section we will discuss the completion of this and other 
starts. 
For further possible &‘s we must take B6 = 0 and from (4.7) will have 
B, = 21, B, = 70, B4 = 20. (4.12) 
Here with the 20 points of K,, we associate the configuration of the 20 “heavy” 
lines each containing 4 points of the K,, . Let Pi be one of the 20 points. Each 
of the 11 lines through Pi contains either 4 or 2 of the 20 points and so 3 or J 
of the remaining 19. The only possibility is that 4 lines through Pi conta.in 3 
of the 19 and 7 contain 1 of the 19. Hence each of the 20 points of &,, lies on 
exactly 4 of the 20 heavy lines. Thus the 20 heavy lines and the 20 points of 
K,, are a &al configuration in that each line contains 4 points and each 
point is on 4 lines. Such configurations are the “primitive” A&,‘s. 
Without loss we may suppose the points of a j%20 to be l,..., 20 and that G 
is given by (4.9) on these points. Certain primitive &,‘s admitting 0 may be 
excluded by the following Lemma. 
LEMMA 4.2. Of the jive K,,‘sJixed by (T at least one of these, say A has the 
property that when L is a line of 7~ such that if j L IT A / > 2 thevl there is an 
orbitBofasuchthatjLnB/ =2. 
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This is certainly true of the Six Point Start given in (4.11). Hence of the 
five K,,‘s fixed by u whose existence is given by (4.4) we may assume that they 
are all primitive as given by the parameters in (4.12). Hence if 1 L n K,, 1 > 2 
then 1 L n K,, 1 = 4. If there is no orbit B of u with 1 L n B 1 = 2 then 
without loss we may assume that L n K,, = 1, 6, 11, 16 with K,, = 
(l,..., 20) and G given by (4.9). Then we have lines 
L, = 1, 6, 11, 16 
L, = 2, 7, 12, 17 
L3 = 3, 8, 13, 18 
L4 = 4, 9, 14, 19 
L, = 5, 10, 15, 20 
(4.13) 
First suppose that no three of these lines go through a common point P. 
Then there are 10 points of intersection Pij = Li n Lj . In this case 
wt(L, + L, + L3 + L, + L,) = wt M = 55 - 20 = 35 since the 5 lines 
each contain 11 points but each of the 10 intersections apperas exactly twice. 
In W each of the points l,..., 20 occurs exactly once so that wt( W + K,,) = 
35 - 20 = 15. But as cy15 = 0 in the code C this is impossible. Hence we may 
suppose that 3 of the lines L, ,..., L5 have a common intersection P. But in 
this case it is easy to check that they all go through a common point which 
must be P, the point fixed by 0 and PO lies on all 5 lines, and L, ,..., L, are 
one of the orbits of lines through P,, different from L, . 
Denote by Al, A,, A,, A,, A, the 5 K,,‘s fixed by g which together 
partition the 100 points of rr not on Lo. Also denote by L, ,..., L, and 
L 6 ,..., L,, the two orbits of lines through P, different from L, . Now let 
1 Ai n Lj / = aij, i = l,..., 5, j = l,...; 10. Since the Ai partition the 
100 points of 7r not on L,, we have xi ai, = 10 counting the 10 points of L, 
ditTerent from P,, . As Ai is a K,, , each aij is even. Since CJ fixes P and Ai and 
permutes L, ,..., L, cyclically and also L, ,..., L,, cyclically we have 
ai1 = -.* = ai and ai6 = ..* = ail,, . Thus 5ai, + 5ai, = 20 since each of 
the 20 points of Ai is on exactly one of the lines through PO different from L, . 
Thus aij = 0,2, or 4. Since EL, a,, = 10 for at least one i a, is not a multiple 
of 4 and so is 2. If a, = 2 then since 5ail + 5ai, = 20 then also ai = 2. 
For this Ai there is no line through P, containing 4 points of Ai . But as 
weobservedin(4.13)ifalineLhasILnAi >2,inthiscasejLnAj =4 
and these four points are in 4 different orbits as 1, 6, 11, 16, then this line L 
goes through PO . Thus every 4 point line of Ai has two of its points in the 
same orbit. In listing K,,‘s as starts for our plane we shall assume that it is an 
A, with this property. 
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5. REPRESENTATIVE 20 SETS AND THEIR COMPLETIONS 
We assume that the points of our 20-set K,, are the numbers l,..., 20 and 
that the action of 0 on these is given by 
G = (1, 2, 3,4, 5)(6,7, 8,9, lO)(ll, 12, 13, 14, 15)(16, 17, 18, 19; 20). (5.1) 
We have shown that if some line contains 6 points of K,, , then up to 
isomorphism the heavy lines are given by (4.11). It is sufficient to list one 
line of each orbit of 5 of the heavy lines. Thus we may list (4.11) as 
Six point start: 1,2, 6, 8, 11, 16 and 11, 12, l&,20. WI 
All others have as their heavy lines from (4.12) 20 lines of 4 points from the 
K,, in 4 orbits of 5, and each point on 4 of the 20 lines. Appealing to Lemma 
4.2 we may assume that each set of 4 points of .F&, on a heavy line includes 
a pair from the same orbit of C. 
We are looking for a family of K20)s which up to isomorphism includes all 
K,,‘s admitting u as an isomorphism. These will be our representative 2Q-sets. 
As a first step in the listing we give patterns of the 4 representatives in 
terms of orbits. Here 1, 6, 11, 16 stand for any point in the corresponding 
point orbit. 
Q 116 6; 1 1 11 11; 16 16 II 11; 16 16 6 6 
R 116 6; 1 1 11 16; 11 11 16 6; 16 16 11 6 
S 116 6; 1 6 11 11; 1 11 16 16; 6 11 16 16 (5.3) 
T 1 1 6 11; 1 1 6 16; 11 11 16 6; 16 16 11 6 
U 1 1 6 II; 16 16 1 6; I1 I1 16 I; 6 61116 
V 1 1 6 11; 16 16 6 II; 6 6 1 16; 11 11 16 1 
Other patterns are either renumberings of the above or are impossible, For 
exampte the pattern 1, 1, 6, 11; 1, 1, 6, 16; 11, 11, 16, 16; 6, 6, 11, 16 is the 
same as pattern S if we replace 1 by 16,6 by 11, ,I 1 by 1, and 16 by 6. A pattern 
including say 1, 1, 6, 6; 1, 1, 6, 11 is impossible, since 1, 1, 6,6 is represented 
by 
12 6 8 
23 7 9 
34 810 (5.4) 
45 9 6 
5110 7 
Here 1, 1, 6, 11 would include 1, 3, X, y with x one of 6 ,..., 10. But this is 
clearly impossible. 
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There can be isomorphisms between Kzo’s of the same pattern. In the first 
place we can replace cr by a2 to interchange pairs of difference 1 and of 
difference 2. Thus 1, 1, 6, 6 can be taken as 1, 2, 6, 8 and 1, 1, 6, 11 as 
1, 2, 6, 11. For the pattern Q we have the following 5 possibilities. 
Ql: 1 2 6 8; 1 3 11 12; 16 17 11 13; 16 18 6 7 
Q2: 1 2 6 8; 1 3 11 12; 16 17 11 13; 16 18 10 6 
Q3: 1 2 6 8; 1 3 11 12; 16 17 11 13; 16 18 9 10 (5.5) 
Q4: 1 2 6 8; 1 3 11 12; 16 17 11 13; 16 18 8 9 
Q5: 1 2 6 8; 1 3 11 12; 16 17 11 13; 16 18 7 8 
Here there are isomorphisms between these cases. Let us take the map T. 
T = ( 
1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20 
1, 3, 5,2,4, 12, 14, 11, 13, 15, 10, 7, 9, 6, 8, 18,20, 17, 19, 16 ) 
(5.6) 
Here g7 = u2 and also 7 maps 
Q.1 1 2 6 8 1 3 11 12 16 17 11 13 16 18 6 7 
(Q.l)T 1 3 12 11 1 5 10 7 18 20 10 9 18 17 12 14 (5*7) 
Hence in (5.5) (Q.l)T = Q.5. 
If we take v = (16, 17, 18, 19, 20) then we find (Q.3)‘” = Q.l, (Q.5)‘“” = 
Q.2; (Q.2)‘“” = Q.3, (Q.4)‘“4 = (2.4. 
Hence in Q the subcases 1,2,3,5 are equivalent to each other and subcase 4 
is equivalent only to itself, and so Ql and Q4 serve as representatives for 
pattern Q. Similarly we find representatives for all the other patterns. In the 
list where the first two 4’s are left blank they are understood to be the same 
as the last ones listed. The complete list of 91 representatives follows: 
(Conceivably there may be further equivalences between representatives 
in this list. Patterns U and V have been subdivided according to differences 
of 1 or 2 in the pairs.) 
Representatives 
Q 126 8 131112 16 17 11 13 16 18 6 7 
16 18 8 9 
R 126 8 1 3 11 16 11 12 18 6 16 37 13 6 
11 12 18 7 16 17 13 7 
11 12 18 8 16 17 13 8 
11 12 18 9 16 17 13 9 
11 12 18 10 16 17 13 10 
11 13 19 6 16 18 14 6 






12 6 11 
12611 
12 6 11 
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1 91112 
13 916 
11 12 4 16 
11 13 5 16 
11 13 19 8 
6 8 14 16 
11 13 19 9 
11 13 19 10 
111219 6 
11 12 I9 7 
11 12 19 8 
1 16 17 13 
1 16 17 13 
1 16 17 13 
1 16 17 14 
1 16 17 14 
1 16 18 13 
1 16 18 13 
1 16 18 13 
1 16 18 14 
1 16 18 14 
10 11 12 16 
10 11 12 20 
10 11 12 20 
9 11 12 20 
9 11 12 19 
10 11 13 16 
6 7 13 16 
6 7 13 16 
6 7 13 16 
6 7 13 16 
6 7 13 16 
6 7 13 19 
6 71320 
6 71320 
6 7 14 16 
6 7 14 16 
6 7 I4 16 
6 7 15 16 
6 8 12 16 
6 8 12 16 
6 8 12 18 
6 8 12 I8 
6 8 12 18 
6 8 12 IX 
6 8 14 16 
16 18 14 8 
16 18 7 4 
16 18 14 9 
16 18 14 10 
18 20 14 6 
18 20 14 7 
18 20 14 8 
16 18 11 6 
16 18 11 10 
16 18 11 7 
16 18 12 6 
16 18 12 7 
16 17 15 6 
16 17 15 10 
16 17 15 9 
16 17 11 6 
16 17 11 10 
6 14 16 20 
6 14 20 19 
6 15 20 17 
6 15 16 20 
6 15 20 19 
6 13 20 19 
16 17 9 1 
16 17 9 2 
16 17 9 3 
16 17 10 2 
16 17 10 3 
16 17 7 I 
16 17 6 3 
16 17 10 3 
16 17 9 2 
16 17 9 3 
14 17 10 2 
16 17 9 3 
16 18 7 1 
14 18 7 4 
16 18 7 1 
16 18 7 4 
I6 18 10 3 
16 18 10 4 
16 18 7 1 
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u3 126 11 
U4 12611 
Vl 12 6 11 
v2 12 6 11 
v3 12 6 11 
v4 12 6 11 
11 12 4 16 
11 13 5 16 
11 12 4 16 
11 13 5 16 
11 13 5 16 
11 13 5 16 
6 8 14 16 16 18 9 1 
6 8 14 16 16 18 9 3 
6 8 14 18 16 18 7 1 
6 8 14 18 16 18 7 4 
6 8 14 18 16 18 10 3 
6 8 14 18 16 18 10 4 
6 81420 16 18 10 3 
6 81420 16 18 8 1 
6 81420 16 18 10 4 
6 8 12 18 16 18 7 5 
6 8 12 18 16 18 10 2 
6 8 12 18 16 18 10 3 
6 8 12 19 16 18 9 3 
6 81220 16 18 8 2 
6 81220 16 18 8 5 
6 8 12 20 16 18 10 2 
6 8 14 17 16 18 6 3 
6 81420 16 18 8 2 
6 7 13 17 16 18 9 1 
6 7 13 17 16 18 9 3 
6 7 13 19 16 18 7 1 
6 7 13 19 1618 7 4 
6 7 14 18 16 18 8 1 
16 17 14 8 
16 17 14 8 
16 17 14 8 
16 17 14 7 
16 17 14 7 
16 17 14 7 
16 17 15 6 
16 17 15 9 
6 8 520 
6 8 520 
6 8 520 
6 8'519 
6 8 519 
6 7 417 
6 7 418 
6 7 518 
6 7 418 
6 7 419 
6 7 519 
6 7 519 
6 7 516 
16 18 8 12 
16 18 8 14 
16 18 10 12 
16 18 6 12 
16 18 6 14 
16 18 12 6 
16 18 12 10 
16 18 12 8 
16 17 15 6 
6 720 5 
6 716 4 
6 718 4 
6 8 520 
(5.8) 
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Let us consider the problem of completing one of aur starts to a complete 
plane. A good example is Q4 in (5.5) above. It has a very large number of 
partial completions. We start from the 20 heavy lines 
12 6 8 1 3 11 12 16 17 11 13 16 18 8 9 
23 19 2 4 12 13 17 18 12 14 17 19 9 10 
34 810 3 5 13 14 18 19 13 15 18 20 10 6 (5.9) 
45 9 6 4 1 14 15 19 20 14 11 19 16 6 7 
5110 7 5 2 15 11 20 16 15 12 2017 7 8 
There are also 70 lines easily listed through pairs of I,..., 20 which are not 
on one of the 20 lines above, for example 3, 15 or 4, 7. Consider the inter- 
section point P of the lines 1,2,6,8 and 3, 5, 13, 14. P must be joined to each 
of the remaining 12 points 4, 7, 9, 10, 11, 12, 15, 16, 17, 18, 19,20 and every 
such line contains an even number of these points. Listing the points from 
1 ,“., 20 on further lines through P we have as one possibility 
1 2 6 8; 3 5 13 14; 4 18; 7 11; 9 20; 10 16; 12 19; 15 17. 
(5.10) 
Note that we could not have P on a line with 7, 9 since the line with 7, 9 
includes all of 2, 3, 7, 9. 
The lines through a point P not one of l,..., 20 partition l,..., 20 into parts 
which are either 4’s arising from the lines of our K,, or from the 70 pairs 
not on these lines but on further lines. Also any two of these lines determine P 
as their unique intersection. A computer can determine which partitions are 
possible rejecting those with two lines intersecting in more than one point. 
The first step is to find partitions arising from points which are intersections 
of heavy lines. For the six point start if Q is the intersection of 1 2 6 8 1 I 16 
and 13 14 20 17 there are 11 possibilities 
Q = 1 2 6 8 11 16 n 13 14 20 17 
1. 3 5 2. 3 5 3. 3 19 4. 3 5 5. 3 19 6. 3 5 
47 47 47 4 12 4 15 4 15 
9 10 9 15 5 18 7 1x 5 12 7 19 
12 15 10 12 9 10 9 15 7 18 9 18 
18 19 18 19 12 15 10 19 9 10 10 12 
(5.1 
7. 3 15 8. 3 19 9. 3 5 10. 3 5 11. 3 5 
412 47 47 47 47 
5 18 5 18 9 18 5 12 5 12 
7 19 9 15 10 19 9 10 9 18 
9 10 10 12 12 15 18 19 10 19 
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There are some equivalences among these subcases which can be used to 
reduce the work, though this will not be discussed here. Also taking images 
under CI with Qi = Q&-l, we have corresponding line intersections for Q, , 
Qz , Q3 , Q4,, QS . Here the further intersections arising from the action of u 
created no conflicts. At this stage we needed to consider further intersections 
such as the intersection of 1 2 6 8 11 16 with 5 13. Further constructions of 
this kind all ultimately led to conflicts. 
For the 91 primitive .&,,‘s conflicts were found from the intersection of the 
heavy lines except in the following 10 cases. 
126 8; 1 3 11 12; 16 17 11 13; 16 18 8 9 
126 8; 1 91112; 1 16 17 14; 16 18 12 7 
126 8; 1 91112; 1 16 18 14; 16 17 11 6 
1 2 6 11; 1 3 9 16; 9 11 12 19; 6 15 20 19 
1 2 6 11; 1 3 9 16; 10 11 13 16; 6 13 20 19 1 2 6 11; 11 12 4 16; 6 7 14 16; 16 17 9 2 (5.12) 
1 2 6 11; 11 13 5 16; 6 8 12 16; 16 18 7 1 
1 2 6 11; 11 12 4 16; 6 8 14 20; 16 18 8 2 
1 2 6 11; 11 12 4 16; 16 17 15 9; 6 7 516 
I 2 6 11; 11 13 5 16; 16 18 12 6; 6 720 5 
The heavy lines of (2.4 as given in (5.9) have many consistent partial 
completions so far as the intersections of heavy lines is concerned. One such 
consists of the following and their images under G 
12 6 8; 3 5 13 14; 20 16 15 12; 17 19; 9 10; 4 11; 7 18 
1 2 6 8; 16 17 11 13; 10 12; 7 14; 9 15; 3 19; 4 20; 5 18 
1 2 6 8; 17 18 12 14; 5 19; 7 13; 3 20; 10 15; 9 11; 4 16 
1 2 6 8; 18 19 13 15; 3 16; 4 17; 7 11; 9 12; 10 14; 5 20 
1 2 6 8; 19 20 14 11; 9 13; 3 17; 5 12; 10 16; 4 18; 7 15 
1 3 11 12; 16 18 8 9; 2 19; 5 17; 4 7; 13 20; 6 14; 10 15 
1 3 11 12; 17 19 9 10; 6 15; 7 13; 5 20; 4 18; 2 16; 8 14 
1 3 11 12; 18 20 10 6; 8 13; 9 14; 7 15; 5 16; 4 19; 2 17 
1 3 11 12; 16 16 6 7; 2 18; 4 20; 10 14; 9 13; 15 17; 5 8 , 
(5.13) 
On the line L: 1 2 6 8 the above accounts for 5 further points. There remain 
two additional points on L and 16 two point lines which intersect L in these 
two points. There are two different ways in which this can be done 
3 15 11 18 5 17 10 13 14 16 9 20 4 7 12 19 4 19 7 12 
3 18 15 17 10 I1 5 16 13 20 9 14 4 19 7 12 I Or 4 7 12 19 
(5.14) 
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But neither of these ways of adding the intersections for the last two 
points on L is consistent with the translates under the action of O. Under 
the action G the second of these becomes 
4 19 11 18 5 12 1 17 14 16 10 15 j 5 20 8 13 j or 5 8 13 20 
(5.15) 
This point must be the intersection of the 11 18 and 14 16 lines as is the first 
point in (5.4). But clearly these are different points and we have found a 
conflict. 
In every one of the cases listed in (5.12) where the intersections of heavy 
lines could be completed consistently there was always a line such as 1 2 6 8 
in (5.13) where two or three points remained with 16 or 24 two point lines 
remaining. In every case the consistent arrangements of these as in (5.14) 
and their translates under 0 led to conflicts. This completes the proof of our 
main theorem. 
MAIN THEOREM. There does not exist aplane of order 10 with a collineatiola 
of order 5. 
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